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Abstract. In the present paper in L
(2)
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optimal quadrature formula is constructed for approximate calculation
of Cauchy type singular integral.
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1. Introduction
Many problems of sciences and technics is naturally reduced to singu-
lar integral equations. Moreover (see. [1]) plane problems are reduced to
one dimensional singular equations. The theory of one-dimensional singular
integral equations is given in [2, 3]. It is known that the solutions of such in-
tegral equations are expressed by singular integrals. Therefore approximate
calculation of the singular integrals with high exactness is actual problem of
numerical analysis.
For the singular integral of Cauchy type
∫ 1
0
ϕ(x)
x−t dx we consider the follow-
ing quadrature formula
1∫
0
ϕ(x)
x− tdx
∼=
N∑
β=0
Cβϕ(xβ), (1.1)
where 0 < t < 1, Cβ are the coefficients, xβ are the nodes, N = 2, 3, 4..., ϕ
is a function of the space L
(m)
2 (0, 1). Here L
(m)
2 (0, 1) is the Sobolev space of
functions with a square integrable mth generalized derivative.
To the problem of approximate integration of the Cauchy type singu-
lar integrals are devoted many works (see, for instance, [1, 4, 5, 6, 7] and
references therein).
In the work [8] in the space for the coefficients of the weight optimal
quadrature formulas of the form
1∫
0
p(x)ϕ(x) ∼=
N∑
β=0
C[β]ϕ(hβ) (1.2)
1
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the following system of linear equations is obtained
N∑
γ=0
C[γ] · |hβ − hγ|
2m−1
2(2m− 1)! + Pm−1[β] = f [β], [β] ∈ [0, 1], (1.3)
N∑
β=0
C[β] · [β]α =
1∫
0
p(x)xαdx, α = 0, 1, ...,m − 1, (1.4)
where f [β] =
1∫
0
p(x) |x−hβ|
2m−1
2(2m−1)! dx, p(x) is a weight function, [β] = hβ, h =
1
N
,
C[β] are unknown coefficients, Pm−1[β] is a polynomial of degree m− 1.
In particular, from (1.2) for p(x) = 1
x−t , 0 < t < 1 we get quadrature
formula (1.1) when xβ = hβ = [β] and correspondingly from system (1.3)-
(1.4) when m = 2, p(x) = 1
x−t , 0 < t < 1 we have the following system
of linear equations for the coefficients of optimal quadrature formula in the
sense of Sard in the form (1.1) when xβ = hβ in the space L
(2)
2 (0, 1)
N∑
γ=0
C([γ], t) · |hβ − hγ|
3
12
+p1 · [β]+p0 = f([β], t), β = 0, 1, 2, ..., N, (1.5)
N∑
γ=0
C([γ], t) = g0, (1.6)
N∑
γ=0
C([γ], t) · [γ] = g1, (1.7)
where
f(hβ, t) = 112
1∫
0
|x−hβ|3
x−t dx =
1
12
(
− 113 (hβ)3 + (5t+ 3)(hβ)2−
−(2t2 + 3t+ 1, 5)(hβ) + (t2 + t2 + 13)+
+(t− hβ)3(−2 ln |hβ − t|+ ln(t− t2))
)
,
(1.8)
g0 =
1∫
0
dx
x− t = ln
1− t
t
, (1.9)
g1 =
1∫
0
x
x− tdx = 1 + t ln
1− t
t
. (1.10)
C([γ], t), γ = 0, N and p1, p0 are unknowns.
The rest of the paper is organized as follows. In Section 2 we give some
auxiliary results and definitions. Section 3 is devoted to calculation of the
optimal coefficients, i.e. we solve system (1.5)-(1.7).
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2. Auxiliary results
In the process of solution of system (1.5)-(1.7) the Sobolev method of con-
struction of optimal quadrature formulas (see [9]) is used. In addition, here
we use the concept of discrete argument functions and operations on them.
The theory of discrete argument functions is given in [9]. For completeness
we give some definitions.
Defnition 2.1. The function ϕ[β] = ϕ(hβ) is a function of discrete
argument if it is given on some set of integer values of β.
Defnition 2.2. The inner product of two discrete functions ϕ[β] and
ψ[β] is given by
[ϕ,ψ] =
∑
β∈B
ϕ[β] · ψ[β], (2.1)
if the series on the right hand side of the last equality converges absolutely.
Defnition 2.3. The convolution of two functions ϕ[β] and ψ[β] is the
inner product
χ[β] = ϕ[β] ∗ ψ[β] = [ϕ[γ], ψ[β − γ]] =
∞∑
γ=−∞
ϕ[γ]ψ[β − γ]. (2.2)
Moreover, we need the discrete analogue D2(hβ) of the differential oper-
ator d4/dx4, which is defined by the following formula (see [10])
D2(hβ) =
3!
h4


3!
√
3q|β|, |β| ≥ 2,
19− 12√3, |β| = 1,
6
√
3− 8, β = 0,
(2.3)
where q =
√
3− 2.
We give some properties of the discrete function D2(hβ) from [9]:
D2(hβ) ∗ (hβ)α = 0, 0 ≤ α < 4, (2.4)
hD2(hβ) ∗ |hβ|
3
12
= δ(hβ), (2.5)
where δ(hβ) is the discrete delta function and δ(hβ) =
{
0, β 6= 0,
1, β = 0.
3. Main result
In the present section we solve system (1.5)-(1.7).
Suppose C([β], t) = 0 when β < 0 and β > N. Then, using Definition 2.3,
we rewrite system(1.5)-(1.7) in the following convolution form
C([β], t) ∗ |hβ|
3
12
+ p1 · (hβ) + p0 = f(hβ, t), β = 0, N, (3.1)
N∑
β=0
C([β], t) = g0, (3.2)
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N∑
β=0
C([β], t) · (hβ) = g1, (3.3)
where f(hβ), g0 and g1 are defined by (1.8), (1.9) and (1.10), respectively.
We denote
v(hβ) = C([β], t) ∗ |hβ|
3
12
, (3.4)
u(hβ) = v(hβ) + p1 · (hβ) + p0. (3.5)
Using the properties (2.4), (2.5) of the operator D2(hβ) from (2.3) and (3.5)
we have
C([β], t) = hD2(hβ) ∗ u(hβ). (3.6)
But for calculation of the convolution (3.6) we need to define the function
u(hβ) in all integer values of β. When β = 0, 1, 2, ..., N from (3.1) we have
u(hβ) = f(hβ, t). Therefore it is sufficient to determine the function u(hβ)
when β < 0 and β > N .
Furthere, we define the form of the function u(hβ) for β ≤ 0 and β ≥ N .
From (3.4) taking into account (3.2), (3.3) we have
v(hβ) =


− 112(hβ)3g0 + 14(hβ)2g1 − (hβ) · p
(0)
1 − p(0)0 , β ≤ 0,
1
12(hβ)
3g0 − 14(hβ)2g1 + (hβ) · p
(0)
1 + p
(0)
0 , β ≥ N.
into account the last equality, from (3.5) for u(hβ) we obtain
u(hβ) =


− 112 (hβ)3g0 + 14(hβ)2g1 + a−1 (hβ) + a−0 , β ≤ 0,
f(hβ, t), 0 ≤ β ≤ N,
1
12 (hβ)
3g0 − 14 (hβ)2g1 + a+1 (hβ) + a+0 , β ≥ N,
(3.7)
where a−1 , a
−
0 , a
+
1 , a
+
0 are unknowns and
a−1 = p1 − p(0)1 , a−0 = p0 − p(0)0 ,
a+1 = p1 + p
(0)
1 , a
+
0 = p0 + p
(0)
0 .
(3.8)
Thus, keeping in mind (2.3), (3.6) and (3.7) we get the following problem
Problem. Find the solution of the equation
D2(hβ) ∗ u(hβ) = 0 where β < 0, β > N (3.9)
in the form (3.7).
If we find unknowns a−1 , a
−
0 , a
+
1 , a
+
0 , then from (3.8) we have
p1 =
1
2(a
−
1 + a
+
1 ), p0 =
1
2(a
−
0 + a
+
0 ),
p
(0)
1 =
1
2(a
+
1 − a−1 ), p(0)0 = 12(a+0 − a−0 ).
(3.10)
Unknowns a−1 , a
−
0 , a
+
1 , a
+
0 will be found from (3.9), using (2.3) and (3.7).
Then we get the explicit form of the function u(hβ) and from (3.6) we find
optimal coefficients C([β], t). Moreover, from (3.10) can be found p1, p0.
Thus, the stated problem will be solved completely.
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The following holds
Theorem 1. Assume t 6= hβ, β = 0, N . Then the coefficients of the
optimal quadrature formula (1.1) in the space L
(2)
2 (0, 1) have the form
C([0], t) = 6
h3
[
g0
12
(
h3 − 3qN (h2 + h(q + 2))) + g1qN4 (h2 + 2h(q + 2))+
+a−1 h(q + 1) + f(0, t)(3q + 2)− f(h, t)(12q + 5)− qN (3f(1, t)×
×(q + 1) + a+1 h(q + 2)) + 6(q + 2)
N∑
γ=2
qγf(hγ, t)
]
,
(3.11)
C([β], t) = 6
h3
[
6(q + 2)
β−2∑
γ=0
qβ−γf(hγ, t)− (12q + 5)
(
f(h(β − 1), t)+
+f(h(β + 1), t)
)
+ (6q + 4)f(hβ, t) + 6(q + 2)
N∑
γ=β+2
qγ−βf(hγ, t)+
+ g14
(
qN−β(2h(q + 2) + h2)− qβh2
)
+ qβ
(
a−1 h(q + 2)− 3f(0, t)×
×(q + 1)
)
− qN−β(3f(1, t)(q + 1) + g04 (h(q + 2) + h2)+
+a+1 h(q + 2))
]
, β = 1, N − 1,
(3.12)
C([N ], t) = 6
h3
[
− g012 (3h(q + 1)− h3) + g14 (2h(q + 1)− qNh2) + qN
(
a−1 h(q + 2)−
−3f(0, t)(q + 1)
)
− a+1 h(q + 1) + f(1, t)(3q + 2)− f(1− h, t)×
×(12q + 5) + 6(q + 2)
N−2∑
γ=0
qN−γf(hγ, t)
]
.
(3.13)
where
a−1 =
∆1
∆
, (3.14)
a+1 =
∆2
∆
, (3.15)
a−0 = f(0, t), (3.16)
a+0 = f(1, t)−
1
12
g0 +
1
4
g1 − ∆2
∆
, (3.17)
6 D.M. AKHMEDOV
∆ = B22 −A22,
∆1 = A2
[
− F1 − 112g0(B1 + 3B2 + 3B3) + 14g1(B1 + 2B2 +B3 −A3)−
−A1f(0, t)−B1
(
f(1, t)− 112g0 + 14g1
)]
−
−B2
[
− F2 − 112g0(A1 + 3A2 + 3A3) + 14g1(A1 + 2A2 +A3 −B3)−
−B1f(0, t)−A1
(
f(1, t)− 112g0 + 14g1
)]
,
∆2 = −A2
[
− F2 − 112g0(A1 + 3A2 + 3A3) + 14g1(A1 + 2A2 +A3 −B3)−
−B1f(0, t)−A1
(
f(1, t)− 112g0 + 14g1
)]
+
+B2
[
− F1 − 112g0(B1 + 3B2 + 3B3) + 14g1(B1 + 2B2 +B3 −A3)−
−A1f(0, t)−B1
(
f(1, t)− 112g0 + 14g1
)]
,
F1 = 6(q + 2)
N∑
γ=1
qγ+1f(hγ, t)− (12q + 5)f(0, t),
F2 = 6(q + 2)
N−1∑
γ=0
qN+1−γf(hγ, t)− (12q + 5)f(1, t),
A1 = 3q + 2, B1 = 3q
N (3q + 1)
A2 = h(2q + 1), B2 = hq
N (2q + 1)
A3 = h
2q, B3 = −h2qN+1,
q =
√
3− 2.
Proof. From (3.7) for β = 0 and β = N we get (3.16) and (3.17), i.e.
a−0 = f(0, t), (3.18)
a+0 = f(1, t)− 112g0 + 14g1 − a+1 . (3.19)
From (3.9), using (2.3) and (3.7) for β = −1 and β = N + 1 we have
−a−1
∞∑
γ=1
D(hγ − h)(hγ) + a+1
∞∑
γ=1
D(h(N + γ) + h)(hγ) =
= −
N∑
γ=0
D(hγ + h)f(hγ, t)− 112g0
∞∑
γ=1
D(hγ − h)(hγ)3−
−14g1
∞∑
γ=1
D(hγ − h)(hγ)2 − 112g0
∞∑
γ=1
D(h(N + γ) + h)(1 + hγ)3+
+14g1
∞∑
γ=1
D(h(N + γ) + h)(1 + hγ)2 −
(
f(1, t)− 112g0 + 14g1
)
×
×
∞∑
γ=1
D(h(N + γ) + h)− f(0, t)
∞∑
γ=1
D(hγ − h),
(3.20)
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−a−1
∞∑
γ=1
D(h(N + γ) + h)(hγ) + a+1
∞∑
γ=1
D(hγ − h)(hγ) =
= −
N∑
γ=0
D(h(N + 1)− hγ)f(hγ, t) − 112g0
∞∑
γ=1
D(h(N + γ) + h)(hγ)3−
−14g1
∞∑
γ=1
D(h(N + γ) + h)(hγ)2 − 112g0
∞∑
γ=1
D(hγ − h)(1 + hγ)3+
+14g1
∞∑
γ=1
D(hγ − h)(1 + hγ)2 −
(
f(1, t)− 112g0 + 14g1
)
×
×
∞∑
γ=1
D(hγ − h)− f(0, t)
∞∑
γ=1
D(h(N + γ) + h).
(3.21)
Thus, for unkowns a−1 , a
+
1 , a
−
0 , a
+
0 we obtained the system of linear equations
(3.18)-(3.21). Solving this system we obtain (3.14)-(3.17). This means we
obtained the explicit form of the function u(hβ).
Next, using (2.3) and (3.7), from (3.6) calculating the convolution C([β], t) =
hD2(hβ) ∗ u(hβ) for β = 0, N we respectively get (3.11)-(3.13). Theorem is
proved. ✷
References
[1] Lifanov I.K. The method of singular equations and numerical experiments. Moscow,
TOO ”Yanus”, 1995. -520 p. (in Russian)
[2] Gakhov F.D. Boundary problems. -Moscow, Nauka, 1977. -640 p. (in Russian)
[3] Muskhelishvili N.I. Singular Integral Equations. -M.: Nauka, 1968. -512 p. (in Rus-
sian)
[4] Belotserkovskiy S.M., Lifanov I.K. Numerical methods i singular integral equations.
-Moscow, Nauka, 1985. -256 p.
[5] Gabdulkhaev B.G. Cubature formulas for multidimensional singular integrals I //
Izvestiya Vuzov. Mathematics. 1975. 4. 3-13. (in Russian)
[6] Israilov M.I., Shadimetov Kh.M. Weight optimal quadrature formulas for singular
integrals of the Cauchy type. Doklady AN RUz -1991, 8, 10-11.
[7] Shadimetov Kh.M. Optimal quadrature formulas for singular integrals of the Cauchy
type. Doklady AN RUz -1987, 6, -Pp.9-11. (in Russian)
[8] Shadimetov Kh.M. Coefficients of the weight optimal quadrature formulas in the
space// Proceedings of the V-the International Conference ”Cubature Formulas and
Their Applications”, -Krasnoyarsk, 1999. -Pp.207-214. (in Russian)
[9] Sobolev S.L. Introduction to the Theory of Cubature Formulas, Moscow, Nauka,
1974, 808 p. (in Russian).
[10] Shadimetov Kh.M. The discrete analogue of the operator d2m/dx2m and its prop-
erties // Voprosy vichislitelnoy i prikladnoy matematiki. Tashkent, 1985. -Pp.22-35.
www.Arxiv.org 2010, January(math.NA).
D.M. Akhmedov, Institute of mathematics and information technologies,
Tashkent, Uzbekistan.
E-mail address: hayotov@mail.ru, axmedovdilshod@mail.ru
